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From Particles to Fields

Consider a state describing a “particle” of mass m and spin s (or helicity h):

PIp,s.,0) = 5|, 5., 0)

P, 52,0)

| charge and other internal
quantum numbers

f][ﬁ,sz,a) = Ez|D,$2,0)  Ez= /P2 +m?

Sz|ﬁ7 Sz, 0-> e 82|ﬁ) Sz, 0->, etc.

Lorentz invariance requires that the Hilbert space contain all state vectors
for all momenta on the “mass shell”: p* = p,p" = m?
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From Particles to Fields

A single particle in the universe is described by the state:

= Syl
‘p7 SZ7O-> N aﬁ’sz,a‘0>
Multi particle states and statistics:

Bose-Einstein  [85,5,.0:0L o /] = (27)*2E56 (51— §7) b5, 0, 00,07

and other commutators vanish
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From Particles to Fields

Convenient to put all possible 1-particle momentum “states” together by Fourier transforming.

To illustrate, consider a spin-0 particle, and define
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If the particle carries a charge, the anti-particle is distinct, and we define

¢’k 1 liiiknks
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From Particles to Fields

Note also that the field

satisfies

(0 e m?)®(z) = 0 (Klein-Gordon eqgn.)

| “__.In add|t|on the above equatlon (WhICh merely expresses the on- sheII cond|t|on k2 i ) can e
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From Particles to Fields

Some points to note about the previous Lagrangian:
L=0,0(x)0*®(x) — m?®(z) ®(x)

e [t is a Lorentz invariant function of the field

More precisely, the action S = /d%ﬁ[@(az)] is invariant under ®(z) — ®'(z) = (A 'x)
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One More Example...

Consider the electromagnetic field. We know it describes two degrees of freedom, i.e. two
transverse polarizations. The two types of quanta (photons) can be described by

d’k 1 . .
st = | > {aemye e+ @l epyr o=

(27T)3 QWE A—1.2 kosz: E|
where e,(f‘)(k) with A = 1,2 are the two transverse polarizations obeying k“eﬁ‘)(k) =)

The creation operators:
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One More Example...

dgk 1 —ik-x T * 1k-x
Ai(x):/( Z {a%eff‘)(k)e ¥ +a% 68‘)(16) e }

27T)3 2“’12’ o ko=wz=|k|

You also know that in electrodynamics, the four-vector potential is defined up to a " "gauge transformation”:

A (x) = Au(x) + Oux(x)

where X(Z) is an arbitrary function of spacetime. This function can therefore be written as




Electrodynamics

The unconstrained field

dgk' 1 & P — ik NIE 2 ) 5egE
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IS the most general solution to " Maxwell’'s equations”:
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Quantum Field Theory

We just saw two examples of how to encode the physics of relativistic, indistinguishable and
non-interacting particles into a Lagrangian, using the corresponding causal field.

In fact, the technique is more general, and extremely useful to understand interactions
between such particles!

The bottomline is that causal fields are a very useful tool for obtaining guantum mechanical
amplitudes that satisty a number of core principles such as

e Consistency with special relativity, causality, crossing, etc

e | ocality:
No action at a distance, i.e. interactions between particles occur when they are in the vicinity of each other

e Cluster decomposition

Measurements done far away from each other give uncorrelated results

From the point of view of applications to particle physics, the most appealing feature of
writing theories in terms of local fields is that

e |t is extremely easy to incorporate symmetry principles

e |t is simple to “survey” different models that may explain observed phenomena



Interactions

Let us consider an example: massive spin-1/2 fermion interacting with a (massless) photon

rl Fermion mass |

L =i¥(z)y"0,¥(x) — mV(z)¥(z) — % F,,, I
A

T— Set of (complex) numbers arranged as T
four 4 x 4 matrices ("“Dirac “ymatrices”) Two helicity states
These tell how to combine the fields of the photon
so that this term is Lorentz invariant (as before)

(won'’t need the details)




Interactions

Let us consider an example: massive spin-1/2 fermion interacting with a (massless) photon

L =i¥(z)y"0,¥(x) — mV(z)¥(z) — % F,,, I

i 6Au (x)J“ (:13) <—  |Interaction term: Eq. of motion for A, ()
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Interactions

Focus on the interaction we have proposed:

—e A, UyPT = —eA, U4 (y#) BUp

'

JH

This is an interaction between one photon, and two fermions. It is conveniently represented by




Interactions

Fermions can scatter by exchange of a photon:

Not important in the
r ~ D1 P non-relativistic limit!
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Mediators

We just saw that Coulomb scattering is understood as photon exchange.

We have other physical processes such as




Symmetry as an organizing Principle
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Internal Symmetries

The conserved electric charge/current coupled to A, in
JH
A

L =19y, ¥ —mU¥ — i F FM' —eA, UyHU

IS nothing but the “Noether current” corresponding to the symmetry transformation:




Internal Symmetries

Consider a model describing 4 spin-0 particles, each indistinguishable from the anti-
particle. We therefore use 4 real scalar fields:

4 4
1
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We assumed the theory to be invariant under the simultaneous “reflections”




Internal Symmetries

What if the four particles had the same mass m, and their quartic couplings were
A
Aijikd = 7N 0350k 1 7

This particular theory looks as follows:
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Internal Symmetries

1 1 1
L==8,010"D — —m*®'d — —\(®'B)°
2 2 4
We see that the four particles have common properties: the same mass & same coupling.

The more precise characterization is that the theory Is invariant under

¢(x) — @'(z) = R®(x) R'R = 144

T— Orthogonal 4 x 4 (real) matrix

The four particles can be naturally grouped together into a (4-component) field that is
a (Euclidean) 4-vector in the internal field space.

This internal symmetry would allow us to understand the “observed” fact that there are
four particles with the exact same mass, and whose interactions are governed by a
single coupling. Those “tacts” reflect an internal O(4) symmetry!



Internal Symmetries

The same Lagrangian can be written in different ways: for instance, in terms of
7 i by 4 1Dy iR H;
\/§ (I)g i Z(I)4 H2

e e =y e D (B AT S AT

it reads as follows:

In this language we are highlighting the following symmetry: .
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Internal Symmetries

L=0,H0'H —m?>H'H — \(H'"H)?

Consider the particular SU(2) transformation




Internal Symmetries
L=0,H0'H —m?>H'H — \(H'"H)?
Our theory has, of course, many more conserved charges...

One could use the Noether currents to couple our scalar particles to spin-1 fields,
as we did in QED.

In fact, this is what is actually observed in nature, and is part of the Standard Model!
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Internal Symmetries
L=0,H0'H —m?>H'H — \(H'"H)?
Imagine you also have fermions: 3 to be concrete (+ their anti-particles), hence, 3 fields:
vy v X (spin-1/2)
Assume they interact with the scalar as follows:
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Internal Symmetries
= (%HT(?”H —m?H'H — MNHH)? + y (VH)x + h.c. +Liia (T, x)
The Lagrangian is invariant under the SU(2) transformation:

Hiz)— H (z)=UH(z) ]
V() V(@)=U¥(z) ¢ U= € SU(2)
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L=0,HO"H —m*H H — NH"H)* + y (WH)x + h.c. + Liin (¥, X)

This turns out to be a good template for the
Iggs Sector of the Standard Model




