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general relativity = spacetime theory
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General Relativity

general relativity = relativistic gravitational field theory
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(i)
(ii)
(iii)

Question: what is a physical theory?

Response: physical theories must:
list the observables (whose values depend on system state and observer)
describe how to measure them
relate them (physical laws)



What is a spacetime theory?

* Question: what is a physical theory?

* Response: physical theories must:

(i) list the observables (whose values depend on system state and observer)
(ii)  describe how to measure them

(iii) relate them (physical laws)

e Spacetime theory:

(i) observables: space and time intervals between events

(ii)  measurement are (fair) clocks and rods (proper apparatus).
(iii) physical laws relate space-time intervals.

A spacetime is characterized by those physical laws which do not depend on observer



* How many dimensional constants do we need?

- In general all observables may be expressed in terms of two independent
dimensional constants, e.g., s and cm:

GM =ar?cm?/s®




Events, particles, strings,...

TIME




* Events, particles, strings,...

TIME

* Fair clocks: associate a real number to each visited event

At, = Aty At, ﬁAtB

TIME

A B A B

* Fair rods: associate a real number to pairs of simultaneous
events — discussion must be postponed until we define
simultaneity



* Inertial observers: observers endowed with accelerometers indicating null

measurement
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nce of observers: each event of spacetime is visited by one and only on




* Time is absolute A
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* Time is absolute A
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* Simultaneity
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* Fair rods: associate a real number to pairs of simultaneous events.

g (R®,8) = equivalenc e classes of simultaneous
events endowed with an Euclidean metric

A

TIME

Question: In what sense is space absolute?



* Fiducial inertial congruence (arbitrary choice) represented by vertical lines

TIME




e Rapidity w.r.t. fiducial inertial congruence

A

Veo, =ALp, [ At
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TIME

Question: Is the distance between non simultaneous events absolute?



e Rapidity w.r.t. fiducial inertial congruence

A

Veo, =ALp, [ At

P1Q2 — QZ Pl

TIME

Question: Is the distance between non simultaneous events absolute?

congruence with const velocity
w.r.t. fiducial congruence

TIME

Galileu spacetime : congruences moving with const velocity w.r.t. inertial congruences are also inertial



Relativity principle : all inertial congruences are equivalent

TIME

Question: may a particle, wave, etc have the same velocity w.r.t. to all congruences?

Experimental problem : light velocity is incompatible with Galilean spacetime



* The Minkowski spacetime must be considered when

* There is vacuum,

* The space is homogeneous and isotropic
* The topology is trivial

* Presence of relative velocities close to ¢
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Minkowski spacetime : there are inertial congruences

pertain to same inertial congruence (straight lines to be justified later)

—— Experimental fact : spacetime is homogeneous

D, =D; = At, = At

TIME




pertain to same inertial congruence

O
TIME

— Experimental fact : spacetime is homogeneous experimental fact : At, = Aty

D, =D, = At, = At, —inertial congruences represented by straight lines




ATTENTION :

TIME
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Interpretation| F(At,,,At,.) = At At,. >0

‘

Question: do you see it?
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Interpretation | F(At,, At )= At At <0
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Interpreta tion

F(At,,,At,.) = At, At <0




Interpretation | F(At,, At )= At At <0

simultaneity line




Interpreta tion

F(At,,,At,.) = At, At <0

L4
Fair rods: associate a real number to pairs of simultaneous events.

simultaneity line

AL@@ = \/ -F (Ategt ' Ate.s)
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Causal structure of Minkowski spacetime




Causal structure of Galileu spacetime

Absolte fuure of 9
S

gy Timelimbo
Absolute past of &

Causal structure of Minkowski spacetime
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Atgy = Atyy = (Aty; +At,, ) /2
AlLgy =Aly, = (Atgs —Atgg )/2



sk
\\
AN Atyy = Atyy = (At +At,, )/2
@ @
st 7’ ALge = ALy o = (Atys — Aty ) /2
/// —A't@@2 +AL@®2 =—At,, At,, =—F
Aty — R —
— Aty




\» 9 o = Al = Aty = (At +Aty, )/ 2
e Lo =Aly =AlLy = (Atys —Atyg ) /2
At,,



s+
* \
N to, =Ateg, = (At +Ate,)/2
\\ .
“ Qs } ---------------- ¥ e Q, 9
Joy T e — o ®
4 fate) tL)
7/




t(s)

s+
* N\
AN ty = Aty =(Aty + Aty )/ 2
N\ N .
“ QS * """"""""""""" ¥ Q1 ________________ Qz Q
//(t%, L) A O o’
/ g (t% ’ LQQ) (t% Ly )
7/
7/
&
line of simultanei ty according to congruence B
3 I t=0
D




t(s)
s+

Ly = ALy = (At — Aty )/ 2




t(s)

t, =At,, = (At + At )/2
Lo = ALy, = (Atys — Aty ) /2

L (light s)




t(s)

t, =At,, = (At + At )/2
Lo = ALy, = (Atys — Aty ) /2

* Choose a congruence
* Choose an origin ©

* Determine simultaneity line which passes by ©
* Synchronize all clocks of the congruence at this
simultaneity line to mark t=0

L (light s)



t(s)

s 1

t, =At,, = (At + At )/2
Lo = ALy, = (Atys — Aty ) /2

* Choose a congruence
* Choose an origin ©

* Determine simultaneity line which passes by ©
* Synchronize all clocks of the congruence at this
simultaneity line to mark t=0

L (light s)
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Remember : values depend on inertial congruence and origin choice

(o Lo)
(te,L's)

Q—>

Question: how do we relate ticks of congruencies A and B?



ty = Algy = Aty = (Al + Aty )/ 2
Lo =Alg =AlLg, = (Atys —Atgg ) /2

then

Question: do you see it?
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Question: what is the relation between (t,L) and (t’L’)?



Question: what is the relation between (t,L) and (t’L’)?




* How many dimensional constants do we need?

- In general all observables may be expressed in terms of two independent
dimensional constants, e.g., s and light-s:

O =Q. s light-s”, «a, 8 =const

- Assuming relativity, (because of the light “absoluteness”) all observables
may be expressed in terms of a single dimensional constant, e.g., s.

O =ZE.s°, ¢=const

Question: how is it possible?

Question: may we measure distances only with clocks?



- Measuring distances only with clocks (Bill Unruh - private discussion)
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- Measuring distances only with clocks (Bill Unruh - private discussion)

B




- Measuring distances only with clocks (Bill Unruh - private discussion)

B




* Simultaneity

Question: what events are simultaneous w.r.t. each other?



e Time dilation

t'y —t'y = proper time interval measured by the very

L member of the black congruence who visits @ and Q,.




e Time dilation

t, —t, =timeinterval obtained by subtracting proper time

L measured by two different members of the blue congruence.




e Time dilation

g —ty = (tl@2 —ty )y, y=1~1-v*




e Time dilation

ty —ty = (et )y, =1/ V1-v* Uy —ty =ty 1)y, r=1/ 1-v?




Twin “Paradox”
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* Space contraction

L, — L, =distance measured by rods on a

simultaneity line of the black congruence



* Space contraction

L, — L, =distance measured by rods on a

simultaneity line of the black congruence



* Space contraction

L, — L, =distance measured by rods on a
simultaneity line of the blue congruence



* Space contraction

Lo —Lo =(L'a-L'g )y, y=1/41-V?

t




* Space contraction

L, L, =(L'y-L' )y, y=1~1-V’ L', —L'y=(Ly L)y, y=1~1-V’




* Apparent paradox

Question: are you able to fit a large ladder into a small garage in some sense?

Garage Garage
Ladder Moving Ladder
Front door I I I Back door 1 I v I
I—

https://en.wikipedia.org/wiki/Ladder_paradox
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https://en.wikipedia.org/wiki/Ladder_paradox



* Apparent paradox

Question: can you make a large box to fall through narrowed spaced bars ?

N




* Apparent paradox

Question: can you make a large box to fall through narrowed spaced bars ?










Minkowski spacetime: vacuum, isotropic, homogeneous, and trivial topology




Minkowski spacetime: vacuum, isotropic, homogeneous, and trivial topology

Quite distinct from Minkowski spacetime in the presence of
* compact objects : L~ 2GM/ c?
* large pressures: P/ c2 ~p




Using 2-dimensional surfaces to create intuition on 4-dimensional spacetimes

2-dimensional surfaces immersed in a 3-dimesnional Euclidean space

Locally, the r.h.s. surface looks like the |.h.s. one, but still there is a distinct feature. What is it?



flat space curved space



flat space curved space

Question: how can we quantify curvature?



Definition: Parallel transport of vectors along geodesics preserves vector norm and angle with geodesic

Closed loops made of geodesics pieces

g

Parallel transport of vectors on flat surface



Definition: Parallel transport of vectors along geodesics preserves vector norm and angle with geodesic

Closed loops made of geodesics pieces

g

Parallel transport of vectors on flat surface



Definition: Parallel transport of vectors along geodesics preserves vector norm and angle with geodesic

Parallel transport of vectors on flat surface Parallel transport of vectors on a curved surface



Let us understand it better

o

Parallel transport of vectors on a flat surface



Parallel transport of vectors on a flat surface Parallel transport of vectors on a flat surface












Other curvature effects

The shortes
distance is
curve that

Copyright @ Addison Wesley




Curvature in 4D spacetime Lorentzian spacetimes

General spacetimes are completely specified by stating the values
of F for all events in the neighborhood of every event.



Curvature in 4D spacetime Lorentzian spacetimes

General spacetimes are completely specified by stating the values
of F for all events in the neighborhood of every event.

N YR



general relativity = spacetime theory

(M,g)

* Rather than specifying the spacetime through an infinitely large F list for all events in the
neighborhood of every event, one codifies this information in a metric tensor g.



general relativity = spacetime theory

(M, 9)
:877(3

C4

* Rather than specifying the spacetime through an infinitely large F list for all events in the
neighborhood of every event, one codifies this information in a metric tensor g.

Gab Tab

*  Given the spacetime matter/energy content T, of the Universe and proper initial conditions, Einstein
egs. calculate g.



General Relativity

general relativity = relativistic gravitational field theory

Free test particles and light rays follow geodesics in spacetime.



General Relativity

general relativity = relativistic gravitational field theory

* Free test particles and light rays follow geodesics in spacetime.

* Massive free test particles follow timelike geodesics (geodesics which (locally) maximize the
spacetime distance between events).



Observed

*

Free test particles and light rays follow geodesics in spacetime.

Light rays follow null geodesics (geodesics which (locally) vanish the spacetime distance between
events).



What is gravitational lensing?

galaxy cluster

__ lensed galaxy images

—

distorted light-rays




Let us understand it

@

3

* Free test particles follow geodesics in spacetime.



Clocks measure the spacetime length of worldlines

Question: which clock delays? (Remember that free test particles follow timelike geodesics (which
locally maximize the spacetime distance between events.)
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relative delay = height x g/c?
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total delay of about 1 billionth of a second

The time delay in gravitational fields is experimentally confirmed up to 1 in 10% parts



Let us understand it

£ 1 |observer S’

A

Il observer S

At, =2L/c
Aty =(2L/cW1-v?/c?
Aty ~ At,/1-2gh/c’
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* GPS needs General Relativity to work out



Twin “paradox” in a space (RxSxR?7)

Question: clocks A and B are inertial and are initially synchronized w.r.t. each other;
shall they be synchronized when they meet each other again?



4 light years tan 02 =-0.8
to ports &

observer S = shuttle path

tan61=0.8

Question: do you want to change your initial answer?



4 light years tan 02 =-0.8
to ports &

observer S = shuttle path

tan61=0.8

Question: how does nature is able to distinguish both clocks?



The relativistic
submarine
“paradox”

LLUSTRATION TERRY E SMTH

RELATIVITY THEORY

Souped-Up Archimedes Equation
Torpedoes Submarine Paradox

Think twice before you crank up the pro-
pellers on your submarine. If you travel too
close to the speed of light, you will wind up
in Davy Joness locker—according to the
theory of general relativity. In the July issue
of Physics Review D, a Brazilian physicist
has extended Archimedes” law of buoyancy
to objects that are moving very fast, thereby
solving a long-standing paradox. Physicists
hope that the relativistic Archimedes® princi-
ple might yield insight into the laws of
thermodynamics, the behavior of black
holes, and even the growth of crystals.

Sink or swim. Should a superfast submarine surface or
submerge? A South American scientist solved the stumper.

Einstein’s theory of relativity is rife with
seeming paradoxes—twins who age at dif-
ferent rates, spears that simultaneously fit
and don't fit inside barns, scissors that turn
rubbery when they close too fast—but any
relativistic physicist can untangle these
puzzles with little effort. Mot so the sub-
marine problem. which was apparently
posed in the late 1980s by James Supplee
of Drew University in Madison, New Jer-
sey. “I thought it was a scandal that there
was no answer to this paradox.” says
George Matsas, a physicist at S3o Paulo
State University in Brazil. “So I decided to
waste time on it.”

Imagine a submarine at rest thats exactly
the same density as water, neither floating
nor sinking. Mo paradox there, until the
submarine begins to move very fast. Ob-
jects moving close to the speed of light get
more massive and shrink, so from the per-
spective of an observer at rest, a relativistic
submarine will pack more mass into a
smaller package: the sub will become
denser than water and sink. On the other
hand, Captain Nemo aboard the submarine

www.sciencemag.org  SCIENCE  VOL 301

feels that the sub is at rest while the water
rushes by at near light speed. Because the
water is moving so fast, the individual mol-
ecules gain mass and squeeze into a tighter
spot; the density of the water increases, so
the sub should float. Obviously, the sub
can’t sink and float at the same time. Either
Captain Nemo or the stationary observer
must be mistaken.

When a student asked Matsas how to re-
solve the paradox, Matsas was stumped. “It
was embarrassing,” he says. “I had to know”
So he plugged the moving submarine into
the equations of general relativity. After jug-
gling forces and equations for several pages,
he had the answer: The sub sinks. Captain
Memo is wrong and the stationary ob-
server is correct. But why?

Buoyancy is a function of
gravity, and gravity, like size and

time, is affected by rapid mo-

tion through space. As the sub

zooms through the water, Earth
exerts more force on the moving
sub. “Because the sub is moving,
the gravitational field increases,
compensating for any increase in
the waters density,” says Matsas.
Whereas the stationary observer
thinks that the sub sinks because of
the subs enhanced density, Nemo
will think that the sub sinks because
of Earth’s enhanced gravity. But
they will both agree that the sub sinks.

By extending Archimedes” description of
buoyancy to high-velocity or high-gravity
conditions, Matsas thinks that the equation
might shed light on the inflow of fluids
around neutron stars or black holes. ““Tt might
be important for understanding different lay-
ers of gas in relativistic stars.” he says.
adding that studying the buoyancy of a box
descending into a black hole might yield new
insight into the laws of thermodynamics.

Other scientists are intrigued by the
discovery. Yale University's John Wett-
laufer, who studies the thermodynamics
of crystallizing materials, has derived an
equation that describes the buoyancy
forces along interfaces between solids,
liquids, and gases under different types of
fields. According to Wettlaufer, the simi-
larity between his own equation and the
one for relativistic buoyancy hints at some-
thing more profound. *They bear a lot in
commeon mathematically, so 1 want to look
at whats under the hood.” he says. “There
might be some deeper connection.”

—CHARLES SEIFE

8 AUGUST 2003
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GR 150914

Black holes masses: 29 and 36 solar masses
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MigrOR

LIGO at Livingston, LA

PHOTODETECTOR

LIGO at Hanford, WA
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Strain (107%%)
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* Friedman-Robertson-Walker-Lemaitre spacetime

* The space is homogeneous and isotropic



proper distance increases with time
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. Nucleosynthesis — from 102 s to 3min
. Baryogenesis — about 10 s
. Inflation — about 1032 s



proper distance increases with time
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CMB —380.000 years

Questions:
. What was “before” the big bang?

BIG BANG



proper distance increases with time
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Questions:
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. The big bang is a single singular event? Did it happen “somewhere”?

BIG BANG



proper distance increases with time
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comoving free observers

CMB —380.000 years

Questions:
. What was “before” the big bang?

. The big bang is a single singular event? Did it happen “somewhere”?

BIG BANG

. How large was the universe just after the big bang?



proper distance increases with time

/_/R

L\ Here and now — 14 x 10° years

comoving free observers

CMB —380.000 years

BIG BANG

Questions:
. What was “before” the big bang?

. The big bang is a single singular event? Did it happen “somewhere”?

. How large was the universe just after the big bang?

. May distant enough galaxies move away faster from us than light velocity?



proper distance increases with time
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. How large was the universe just after the big bang?

. May distant enough galaxies move away faster from us than light velocity?
. What is dark energy? Is it a kind of ether?



proper distance increases with time

L\ Here and now — 14 x 10° years
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BIG BANG

Questions:

. What was “before” the big bang?

. The big bang is a single singular event? Did it happen “somewhere”?

. How large was the universe just after the big bang?

. May distant enough galaxies move away faster from us than light velocity?
. What is dark energy? Is it a kind of ether?

. Is the solar system growing up as the Universe expands?



Question:
. Why is the universe so isotropic, homogeneous and flat?

/N Here and now — 14 x 10° years

CMB —380.000 years

>Inflationary era

BIG BANG
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e The Schwarzschild black holes

* Vacuum, static, spherically symmetric spacetime



Stationary black hole
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Stationary black hole

{ = constant,

"“\~t == constant

| »
T
w == copstant
Accelerating
observer
|~ &t constant r-val
—~ ="/ Radially falling
particle hits
B B singularity
' atr=10
o v = constant

Question:

ot

why cannot we hold a camera with a rope down inside the hole, record some information and bring it back?



Stationary black hole

{ = constant,

r=2m l
¥ i~ “A~——t = constant
T
& W = copstant
Accelerating
observer
|~ &t constant r-val
—~ ="/ Radially falling
particle hits
B B singularity
' atr=10
o v = constant
- = - At
|
o - 7

Question:

why cannot we hold a camera with a rope down inside the hole, record some information and bring it back?
Why a falling astronaut cannot retract back his knees just after they entered the horizon?



Spherically symmetric star collapse and black hole formation

Time
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Spherically symmetric star collapse, black hole formation and further evaporation via Hawking radiation
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The NO information loss paradox
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Possible(?) quantum gravity role to information loss in black holes






