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Lecture 1: Physics of quantum open systems. 
Evolution of a subsystem. Kraus representation.  

Lecture 2:  Kraus representation. Master equations. 
Examples.  Application to Quantum Information. The 

effect of noise and dissipation on a qubit. How to 
protect a qubit. and an example.  

Lecture 3: Quantum error correction: the basics. An 

Lecture 4: Quantum Brownian Motion. Quantum to 
classical transition. Decoherence.  



BIT FLIP CHANNEL 

ρ ' = Λ ρ( ) = 1− q( )ρ + qXρX = 1
2
I + pxX + 1− 2q( ) pYY + pxZ( )( )

FIDELITY DECAY (probability that out=in 

Fid ρ( ) = Tr ρ Λ ρ( )( ) =1−O q( )

ρ ρ ' = Λ ρ( ) ρ '
X

X

X

ρ =
1
2
I + !p ⋅

!
σ( )

UAB 0 ⊗ 0 → 1− q 0 ⊗ 0 + q 1 )⊗ 1

UAB 1 ⊗ 0 → 1− q 1 ⊗ 0 + q 0 )⊗ 1

ERRORS ARE 
INDUCED BY 

THE 
INTERACTION 

WITH THE 
ENVIRONMENT 



CLASSICAL BIT FLIP CHANNEL 

Pr b ' = b( ) = 1− q( ), Pr b ' = b( ) = q
FIDELITY DECAYS:. HOW TO CORRECT ERRORS?REDUNDANT ENCODING: 

THREE CARRIERS FOR ONE BIT 

b,b,b( )→

Pr b,b,b( ) = 1− q( )3

Pr b,b,b( ) = 3q 1− q( )2

Pr b,b,b( ) = 3q2 1− q( )

Pr b,b,b( ) = q3
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FIDELITY DECAY IS CUADRATIC WITH q (error probability) 

b ρ ' = Λ ρ( ) b '

X

X

X

b = 0,1

b, 0, 0( )
↓

b,b,b( )
Encoding 

Pr b ' = b( ) = 1− q( )2 1+ 2q( )
Pr b ' = b( ) = q2 3− 2q( )

Decoding 

b ' =majority



HOW TO CORRECT QUANTUM ERRORS? 

PROTECTING AN UNKNOWN QUANTUM STATE SEEMED IMPOSSIBLE 

Until Peter Shor inventes Quantum Error Correction (1996) 

ρ ' = Λ ρ( )

X

X

X

Ψ =α 0 +β 1
Fid ρ( ) = Tr ρ Λ ρ( )( )
Fid ρ( ) =1−O q2( )??

BUT COPY AND MEASUREMENT ARE NOT ALLOWED 

U Ψ ⊗ 0 ⊗ 0 = Ψ ⊗ Ψ ⊗ Ψ

1) NO CLONING THEOREM: NO UNITARY SUCH THAT 

2) MEASUREMENT UNAVOIDABLY DISTURBS THE STATE 



QUANTUM ERROR CORRECTION Use redundancy 
in a quantum way 

USE THREE CARRIERS TO PROTECT ONE QUBIT 1) ENCODE THE 
QUANTUM STATE (ENTANGLED) 

UEnc 000 ABC
= 0L , UEnc 100 ABC

= 1L

2D SPACE OF ENCODED STATES 

UEnc α 0 +β 1( ) 00 =α 0L +β 1L

WANT TO CORRECT AGAINST THREE ERRORS 

X1 ≡ X ⊗ I ⊗ I
X2 ≡ I ⊗ X ⊗ I
X3 ≡ I ⊗ I ⊗ X

⎧

⎨
⎪

⎩
⎪
⎪

Span 0L , 1L{ }

Span X1 0L ,X1 1L{ }X1

X2

X3

Span X2 0L ,X2 1L{ }

Span X3 0L ,X3 1L{ }

HOW? 

NEED 4 ORTHOGONAL 
SUBSPACES & A 

MEASUREMENT THAT 
DISTINGUISH THEM 



REMEMBER BELL STATES 

B1 β11 = β11
X1B1 = −B1X

"
#
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%$
⇒ B1X1 β11 = −X1 β11 ⇒ X1 β11 = β−11

Φ− =
1
2
00 − 11( )

Ψ+ =
1
2
01 + 10( )

Φ− =
1
2
00 − 11( )Φ+ =

1
2
00 + 11( )

Ψ− =
1
2
01 − 10( )

X1 and X2

X1 and X2

Y1 and Y2

Y1 and Y2

Z1 and Z2

Complete Basis of Eigenstates of                                        B1 = Z ⊗ Z, B2 = X ⊗ X
β11 = Φ+ =

1
2
00 + 11( )



HOW DO WE PREPARE BELL STATES? 

(or how do we measure in Bell basis) 

€ 

H
€ 

Hb1

b2

βb1b2

⎧

⎨
⎪

⎩
⎪

TIME EVOLUTION: A CIRCUIT REPRESENTATION 

HADAMMARD GATE 

€ 

Hb 1
2
0 + −1( )b 1( )

CONTROL-NOT GATE 

b

b '

b

b⊕ b '
H =

1
2

1 1
1 −1

⎛

⎝
⎜

⎞

⎠
⎟ UCNOT = 0 0 ⊗ I + 1 1 ⊗ X



HOW DOES THIS WORKS? 

FOLLOW IT STEP BY STEP 

€ 

Hb1

b2

βb1b2

⎧

⎨
⎪

⎩
⎪

b1 ⊗ b2 →
1
2
0 + −1( )b1 1( )⊗ b2 =

=
1
2
0 ⊗ b2 + −1( )b1 1 ⊗ b2( )→

→
1
2
0 b2 + −1( )b1 1 b2 ⊕1( ) = βb1b2

Eigenstates of 
Z1, Z2 

Eigenstates of 
B1, B2 



A HAMILTONIAN FOR CNOT AND HADAMMARD 

HADAMARD AS A SEQUENCE OF ROTATIONS 

eiΩt
!n⋅
!
σ = cos Ωt( ) I + isin Ωt( )

!n ⋅
!
σ

!n ⋅
!
σ( )2 = i( )

ei1 1⊗M = 0 0 ⊗ I + 1 1 ⊗ eiM

H =
1
2

1 1
1 −1
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1
2
X + Z( ) = X 1

2
I − iY( ) = Xe

−iπ
4
Y
= ie

−iπ
2
X
e
−iπ
4
Y

UCTR−iNOT = 0 0 ⊗ I + 1 1 ⊗ iX

UCTR−iNOT = e
iπ
2
1 1⊗X

= e
iπ
4
I−Z( )⊗X

b

b '

b

i b⊕ b 'iX

THE HAMILTONIAN OF A CONTROL-(i NOT) 



SHOR REALIZED THAT ERROR CORRECTION WAS POSSIBLE: 
USING 3 QUBITS WE CAN  CORRECT ONE X ERROR  

!0 =
1
2
000 + 111( )

!1 =
1
2
000 − 111( )

S1 ≡ Z ⊗ Z ⊗ I
S2 ≡ I ⊗ Z ⊗ Z

s1 =1, s2 =1, S1 ≡ Z ⊗ Z ⊗ I
S2 ≡ I ⊗ Z ⊗ Z

X1

X3

X1 !0 =
1
2
100 + 011( )

X1 !1 =
1
2
100 − 011( )

X2 !0 =
1
2
010 + 101( )

X2 !1 =
1
2
010 − 101( )

X2

s1 = −1, s2 =1,

s1 = −1, s2 = −1,

s1 =1, s2 = −1,

X3 !0 =
1
2
001 + 110( )

X3 !1 =
1
2
001 − 110( )

MEASURING S1 AND S2 WE LEARN WHAT 
WAS THE ERROR!  (AND CAN CORRECT IT) 

S1 & S2: “STABILIZER OF THE CODE” 



S1 = Z ⊗ Z ⊗ I, S2 = I ⊗ Z ⊗ Z, S3 = X ⊗ X ⊗ X
HOW DO WE MEASURE S1 AND S2? 

HOW DO WE PREPARE THE ENCODED STATES? REMEMBER BELL! 

€ 

Hb1

b2

βb1b2

⎧

⎨
⎪

⎩
⎪

b1 ⊗ b2 →
1
2
0 + −1( )b1 1( )⊗ b2

→
1
2
0 b2 + −1( )b1 1 b2 ⊕1( ) = βb1b2

Eigenstates of 
Z1, Z2 

Eigenstates of 
B1, B2 



GENERALIZATION TO THREE QUBITS IS TRIVIAL 

b1 ⊗ b2 ⊗ b3 →
1
2
0 + −1( )b1 1( )⊗ b2 ⊗ b3

→
1
2
0 b2 b3 + −1( )b1 1 b2 ⊕1 b3 ⊕1( ) = βb1b2b3

000 →
1
2
000 + 111( ), 100 →

1
2
000 − 111( )

b1

b2
€ 

H

b3

EIGENSTATES 
OF Z1, Z2,Z3 

EIGENSTATES 
OF S1,S2,S3 

βb1b2b3

!

"
#

$
#



THE THREE QUBIT ERROR CORRECTING CODE 

€ 

ρout = ρin +O(p2), F = Tr(ρinρin ) =1−O(p2)
FIDELITY GOES FROM LINEAR TO QUADRATIC IN p! 

ENCODED STATES: EIGENSTATES OF S1 AND S2 (STABILIZER) 
WITH EIGENVALUE +1 

€ 

H
Prob(I ) =1− q
Prob(X) = q € 

H

€ 

α 0 + β 1

€ 

0

€ 

0 € 

ρoutZ

S1 ≡ Z ⊗ Z ⊗ I
S2 ≡ I ⊗ Z ⊗ Z

ALL ERRORS (X1,X2,X3) HAVE A DIFFERENT 
COMMUTATION PATTERN WITH S1,S 



HOW TO CORRECT MORE GENERAL ERRORS? 

2 1+3N( ) ≤ 2N ⇒ N ≥ 5

N=5 “PERFECT QUANTUM ERROR CORRECTING CODE” (Laflamme, 
Miquel, JPP, W Zurek, PRL 1996) 

1)  USE N PHYSICAL QUBITS TO ENCODE ONE QUBIT 

2)   CORRECT ALL POSSIBLE ERRORS (1X,Y,Z) IN EACH CARRIER 

a)  HOW MANY ERRORS: 1+3N 

b)   EACH ERROR HAS A 2-DIMENSIONAL SUBSPACE 

S1 ≡ X ⊗ Z ⊗ Z ⊗ X ⊗ I, S2 ≡ I ⊗ X ⊗ Z ⊗ Z ⊗ X
S3 ≡ X ⊗ I ⊗ X ⊗ Z ⊗ Z, S4 ≡ Z ⊗ X ⊗ I ⊗ X ⊗ Z



COMMUTATION AND ANTICOMMUTATION PATTERN FOR THE FIVE 
QUBIT “PERFECT QUANTUM ERROR CORRECTING CODE” 



QUANTUM ERROR CORRECTION HAS GONE A LONG LONG WAY 
SINCE 1996 

FROM SHOR’S IDEA TO TOPOLOGICAL CODESCODE” 

SQUARE LATTICE ON A TORUS (PERIODIC BOUNARY CONDITIONS) 

ONE SPIN ON EACH EDGE (SPIN “CHAIN” OR “LATTICE” 

STABILIZER OPERATORS DEFINING THE COE: ONE FOR EACH 
VERTEX AND ONE FOR EACH PLAQUETE 

AV ≡ Zi
i∈V
∏ , BP ≡ Xi

i∈P
∏

THE CODE: COMMON 
EIGENSTATES OF EIGENVALUE 1 

OF VERTEX AND PLAQUETTE 
OPERATORS 

ENCODE TWO QUBITS IN THE 
LATTICE ERRORS SELF 

CORRECTABLE IF PROBABILITY IS 
BELOW A THRESHOLD (0.11) 

H = −J AV − J BP
P
∑

V
∑



EXPERIMENTAL ERROR CORRECTION	
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THE THIRD LECTURE ENDED HERE 


