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Lecture 1: Physics of quantum open systems. 
Evolution of a subsystem. Kraus representation. 

Master equations. Examples 
Lecture 2: Application to Quantum Information. The 

effect of noise and dissipation on a qubit. How to 
protect a qubit. Quantum error correction: the basics 

and an example.  

Lecture 3: A master equation from microscopic 
model: Quantum Brownian Motion. Noise and 

dissipation.  
Lecture 4: Quantum to classical transition. 

Decoherence.  



LESSON FROM LECTURE 1tion 

SUBSYSTEMS 
EVOLUTION: 

KRAUSS FORM 

ρ ' = Ab ρ Ab
+

b
∑ = Λ ρ( )

Ab
+

b
∑ Ab = I

 LINEAR MAP WITH 
IMPORTANT 
PROPERTIES 

1) Λ c1ρ1 + c2ρ2( ) = c1Λ ρ1( )+ c2Λ ρ2( )
2) ρ = ρ+ ⇒Λ ρ( ) = Λ+ ρ( ),
3) Tr ρ( ) = Tr Λ ρ( )( )
4) ρ ≥ 0⇒Λ ρ( ) ≥ 0

1) Linear, 2) Hermitian, 3) Trace preserving,   
4) Positive 



Examples: Non Unitary Evolution 

NOISY EVOLUTION (UNITAL) 

ρ ' = Λ ρ( ) = qaUaρUa
+,

a
∑ qa =1,

a
∑ Λ I( ) = I

ρ ' = Λ ρ( ) = 1− q( )ρ + qZρZ, Z =σ Z =
1 0
0 −1

⎛

⎝
⎜

⎞

⎠
⎟

 QUBIT: DEPHASING CHANNEL 

Study the effect of dephasing and amplitude 
damping for a qubit 

ρ ' = Λ ρ( ) = A1ρA1+ + A2ρA2++,
A1 = 0 0 + 1− q2 1 1

A2 = q 0 1

⎧

⎨
⎪

⎩⎪
AMPLITUDE DAMPING CHANNEL 



Dephasing in the Bloch sphere 
ρ =

1
2
I + pxX + pyY + pzZ( ), ρ ' = 12 I + p 'x X + p 'y Y + p 'z Z( )

ρ ' = Λ ρ( ) = 1− q( )ρ + qZ 1
2
I + pxX + pyY + pzZ( )Z

ρ ' = Λ ρ( ) = 1− q( )ρ + q 1
2
I − pxX − pyY + pzZ( )

px ' = 1− 2q( ) px, py ' = 1− 2q( ) py, pz ' = pz



Amplitude damping of a density matrix 

Exercise 3,4: Study amplitude damping in 
Bloch spere and dephasing in density matrix 

representation 

ρ ' = Λ ρ( ) = A1ρA1+ + A2ρA2++,
A1 = 0 0 + 1− q2 1 1

A2 = q 0 1

⎧

⎨
⎪

⎩⎪
AMPLITUDE DAMPING CHANNEL 

ρ =
ρ00 ρ01
ρ10 ρ11

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ ⇒ ρ ' = Λ ρ( ) =

ρ00 + q
2ρ11 1− q2ρ01

1− q2ρ10 ρ11 1− q
2( )

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟



Kraus Theorem 

1)Λ cjρ j
j
∑
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟= cjΛ ρ j( )

j
∑ 2) ρ = ρ+ ⇒Λ ρ( ) = Λ+ ρ( )

3)Tr ρ( ) = Tr Λ ρ( )( ) 4) ρ ≥ 0⇒Λ ρ( ) ≥ 0

Any map that is: 1) Linear, 2) Hermitian,         
3) Trace preserving and  4’) (completely) 

Positive is of the Kraus form 
4')Λ ρ( ) is CP⇔Λ⊗ IB ≥ 0∀ extension B

P but not CP? 

Yes: Partian transposition 



Purification of Kraus Representation 

LARGER SYSTEM THAT INDUCES KRAUS ON SUBSYSTEM A 

ρ ' = Λ ρ( ) = Ab ρ Ab
+

b
∑ , Ab

+

b
∑ Ab = I

1) Ab
+

b
∑ Ab = I⇒ Φ j Φ j ' = δJJ '

2) ∃ UAB such that Φ j =UAB ϕJ A
⊗ 0

B

3) Λ ρ( ) = TrB UABρA ⊗ 0 0 UAB
+( ) = Ab ρ Ab

+

b
∑ ,

Purification is trivial (“the church of the larger Hilbert space”) 

This Purification is Not Unique (physical meaning?) 

Φ j = Ab
b
∑ ϕJ A

⊗ b
BA
, j =1,...,DA



Purify Dephasing and Amplitude Damping 
ρ ' = Λ ρ( ) = Ab ρ Ab

+

b
∑ , Ab

+

b
∑ Ab = I

Φ j = Ab
b
∑ ϕJ A

⊗ b
BA
, j =1,...,DA

ρ ' = Λ ρ( ) = A1ρA1+ + A2ρA2++,
A1 = 0 0 + 1− q2 1 1

A2 = q 0 1

⎧

⎨
⎪

⎩⎪

AMPLITUDE DAMPING CHANNEL 

ρ ' = Λ ρ( ) = 1− q( )ρ + qZρZ, Z =σ Z =
1 0
0 −1

⎛

⎝
⎜

⎞

⎠
⎟

 QUBIT: DEPHASING CHANNEL 



FROM KRAUS TO MASTER EQUATION 

KRAUS DYNAMICAL MAP DEPENDS ON INITIAL AND FINAL T 

ρ T( ) = ΛT ,T0
ρ T0( )( ) ⇒ !ρ = −i H,ρ[ ]+....????

!ρ = −i H,ρ[ ]+ 1
2

2LbρLb
+ − Lb

+Lbρ − ρLb
+Lb( )

b
∑

∃ linear CP map ΛT+dT ,T for all T

ΛT+dT ,T

MARKOV APPROXIMATION (correllations do not matter) 

MASTER EQUATION FOR DENSITY MATRIX 

LIMBLAD MASTER EQUATION 

SCHROEDINGER ->  KRAUS -> LIMBLAD 

H=Hamilotonian, L’s=Limblad operators 



FROM KRAUS TO LIMBLADT: PROOF 

ρ T + dT( ) = I + dT L0( )ρ T( ) I + dT L0+( )+ dT LbρLb
+

b
∑

∃ A0 / A0 = I + dT L0 +...

and Ab = dTLb +... b ≠ 0( )
ΛT+dT ,T

ρ T + dT( ) = Λ ρ T( )( ) = Ab T,dT( ) ρ T( ) Ab T,dT( )+
b
∑



FROM KRAUS TO LIMBLADT: PROOF 
ρ T + dT( ) = I + dT L0( )ρ T( ) I + dT L0+( )+ dT LbρLb

+

b
∑

!ρ = L0ρ + ρL0
+ + LbρLb

+

b
∑ρ T( ) ≡ ρ

!ρ = −i H,ρ[ ]+ 1
2

2LbρLb
+ − Lb

+Lbρ − ρLb
+Lb( )

b
∑

I + dT L0
+( ) I + dT L0( )+ dT Lb

+Lb
b
∑ = I

⇒ L0
+ + L0 + Lb

+Lb
b
∑ =O

L0 = K − iH ⇒ 2K = − Lb
+Lb

b
∑



APPLICATION: DAMPED HARMONIC 
OSCILLATOR IN QM??? 

ΛT+dT ,T

!ρ = −i H,ρ[ ]+ 1
2

2LbρLb
+ − Lb

+Lbρ − ρLb
+Lb( )

b
∑

H =Ω a+a+ 1
2

⎛

⎝
⎜

⎞

⎠
⎟, L1 = γa

!ρ = −iΩ a+a,ρ⎡⎣ ⎤⎦+
γ
2
2aρa+ − a+a ρ − ρa+a( )

QUANTUM OPTICS MASTER EQUATION 

a = Tr ρa( )⇒
d a
dT

= −iΩ a −
γ
2
a

ρ T→∞( ) = 0 0 with a 0 = 0( )

!L1 = γ 1+ N( )a
!L2 = γNa+



SUMMARY 

a)  Review of states and operators. Qubits. Bloch 
spere. Pauli operators. Composite systems. 

Entanglement. Schmidt Operators.  

b)  State of a subsystem. Partial trace 

c)  Evolution of subsystem. Kraus form: Liner CP 
map (no initial correlations) 

d)  Examples. Dephasing. Amplitude dampling 

e)  Kraus theorem. Every CP map has Kraus form 

f)  Markovian master equation. Limblad form 



BIT FLIP CHANNEL 

ρ ' = Λ ρ( ) = 1− q( )ρ + qXρX = 1
2
I + pxX + 1− 2q( ) pYY + pxZ( )( )

FIDELITY DECAY (probability that out=in 

Fid ρ( ) = Tr ρ Λ ρ( )( ) = 12 1+ px
2 + 1− 2q( )2 py

2 + pz
2( )( )

Fid ρ( ) =1− 2q 1− q( ) 1− px2( ) =1−O q( )
FIDELITY DECAY IS LINEAR WITH q (error probability) 

HOW TO PROTECT THE QUBIT FROM ERRORS? 

ρ ρ ' = Λ ρ( ) ρ '
X

X

X

ρ =
1
2
I + !p ⋅

!
σ( )



CLASSICAL BIT FLIP CHANNEL 

Pr b ' = b( ) = 1− q( ), Pr b ' = b( ) = q
FIDELITY DECAYS:. HOW TO CORRECT ERRORS?REDUNDANT ENCODING: 

THREE CARRIERS FOR ONE BIT 

b,b,b( )→

Pr b,b,b( ) = 1− q( )3

Pr b,b,b( ) = 3q 1− q( )2

Pr b,b,b( ) = 3q2 1− q( )

Pr b,b,b( ) = q3

#

$

%
%
%

&

%
%
%

FIDELITY DECAY IS CUADRATIC WITH q (error probability) 

b ρ ' = Λ ρ( ) b '

X

X

X

b = 0,1

b, 0, 0( )
↓

b,b,b( )
Encoding 

Pr b ' = b( ) = 1− q( )2 1+ 2q( )
Pr b ' = b( ) = q2 3− 2q( )

Decoding 

b ' =majority



HOW TO CORRECT QUANTUM ERRORS? 

PROTECTING AN UNKNOWN QUANTUM STATE SEEMED IMPOSSIBLE 

Until Peter Shor inventes Quantum Error Correction (1996) 

ρ ' = Λ ρ( )

X

X

X

Ψ =α 0 +β 1
Fid ρ( ) = Tr ρ Λ ρ( )( )
Fid ρ( ) =1−O q2( )??

BUT COPY AND MEASUREMENT ARE NOT ALLOWED 

U Ψ ⊗ 0 ⊗ 0 = Ψ ⊗ Ψ ⊗ Ψ

1) NO CLONING THEOREM: NO UNITARY SUCH THAT 

2) MEASUREMENT UNAVOIDABLY DISTURBS THE STATE 



THE SECOND LECTURE ENDED HERE 


