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Lecture 1: Physics of quantum open systems.
Evolution of a subsystem. Kraus representation.
Master equations. Examples

Lecture 2: Application to Quantum Information. The
effect of noise and dissipation on a qubit. How to
protect a qubit. Quantum error correction: the basics
and an example.

Lecture 3: A master equation from microscopic
model: Quantum Brownian Motion. Noise and
dissipation.

Lecture 4: Quantum to classical transition.
Decoherence.




Further reading

Lecture 1: Nielsen & Chuang’s book on Quantum
Information and Comutation, Preskhill Lectures on
Quantum Information (available in the web)

J.P.P and W.H. Zurek, Les Houches Lectures arXiv:
0010011




QUANTUM OPEN SYSTEMS: WHY?

EVERY PHYSICAL SYSTEM IS OPEN

KEY EFFECTS: DISSIPATION, NOISE

] NEWTON EQUATION
MA=-V&-nV WITH DISSIPATION:
MX +KX +yX =0 | DAMPED OSCILLATOR

d‘\p> HOW TO INCLUDE
ih =H \\P>+ 79997/ DAMPING IN QM? DAMPED

dt QUANTUM OSCILLATOR




WHY STUDYING QUANTUM OPEN SYSTEMS?
A NECESSITY, NOT A LUXURYEN

DECAY NOISE [ DECOHERENCE
RELAXATION DAMPING DEPHASING

KEY ROLE IN QUANTUM INFORMATION (ENEMY)

KEY IN QUANTUM CLASSICAL TRANSITION (FRIEND)

1) QM a review (notation), 2) QM of composite
systems (A,B), 3) QM of SUBSYSTEMS, 4)
Evolution of subsystems: Kraus, Master equations

GOAL: learn how to think of a damped quantum
oscillator (mode of the EM field in a lossy cavity)




QUANTUM STATES

Pure: Maximal Information (maximal predictive power:
at least we can predict the outcome of one experiment)

W) = Hilbert p =¥ {¥|E L(Hilbert)
Py=a|lHh+B|) Spinl/2 |P)=c|0)+B|l) Qubit

Mixed: Non Maximal Information

E={|¥).q, E[O,l],j=1,...,n}=>p=2qj“{’j><‘ljj‘

Properties of a quantum state

) p=p", 2)Tr(Dp)=1 3)p=0
3Basis/p=zcj‘(pj><(pj‘

71=1




QUANTUM STATES: COMPUTE PROBABILITIES

Observables: Hermitian Linear Operators

N a Ya.|=- *Pr(A=aj|p)=Tr(,0‘Otj><0‘jD
A—;aj‘ ]>< J" *(Ay=Tr(pA)

QUBIT (Spin "): PAULI OPERATORS (2x2 matrices)

o =X=

0 1 ) g oy O =1 ] g ozt O
1 o) i 0 0 -1

{I,X,Y,Z} = BASIS OF SPACE OF 2x2 MATRICES

' A=aql+aX+al+al, a0=Tr(A),ax=Tr(AX),a]=Tr(AGJ)

2 .
o,=1, 0,0,=-0,0,, [aj,ak]=2wjklc7,



BLOCH SPHERE REPRESENTATION

All states: Sphere of unit radius

1 1, _ .
p=§(1+pxX+pyY+pZZ)=E(I+p-(f)

p=Tr(pG)=(5)
1

)= 2047)

Pure states : Tr( pz) =1 = Surface

Mixed states : Tr( pz) <1 = Interior




COMPOSITE SYSTEMS: SUBSYSTEMS A & B

Hilbert ,, = Hilbert , ® Hilbert, D,, =D, x D,
SPACE: TENSOR PRODUCT

W) =), ®lxi), J=b...D,k=1..,D,
Product states (separable)

Entangled states (non separable)

D, Dy
|(I)>AB - chjk|¢j>A ®|Xk>B

j=1 k=1

S Schmidt Decomposition
@) =¥d,|¢,) ®|%,),, 4,20, Ssmin(D,,D,)
u=1




Schmidt Decomposition: Proof

D, Dy
‘(I)>AB - Ezcjk ‘¢j>A ®‘Xk>3

j=1 k=1

Singular Value Decomposition of Matrix C

CyDyxDy matrix=C=UDV=cjk=Eu dv

Ju~u” uk
u=l1

C Up.«p,s Vo p, (unitaries), D, ., (diag) =0
‘(I)> EEE”JM u Mk‘(p]> ®‘Xk>
r B

j=1 k=1 u=1

¢ ¢ > E Uj, ('0]>
L) =Edﬂ ¢“>A ® )2“>B’ < ]
u=l1

)~CM> = Evyk Xk>

k




OBSERVABLES FOR A COMPOSITE SYSTEM

EAEf,kM]A®NkB

j=1 k=1

PARTIAL TRACE

D, Dy

=T Fu) = S S 400,75,

j=1 k=l

QUESTINS

1) WHAT IS THE QUANTUM STATE OF A
SUBSYSTEM>\?

2) HOW DOES IT EVOLVE?




1) THE QUANTUM STATE OF A SUBSYSTEM
D% Ds;

P as zzp]kM]A@)NkB

j=1 k=1

REDUCED DENSITY MATRIX (partial trace)

2

Pa=Trz(P,p) = EEkaMJATr(NkB)

WHY?

I7,p (OA 1 pAB) =17, (OA/OA)

ANSWER: IT ENABLES US TO COMPUTE ALL
EXPECTATION VALUES OF OPERATORS OVER A




Example: Bell states

W)= (101)=[10)), |@.)=—=(|00)=]11))

2

Complete Basis of Eigefistafés 6B, = X @ X

B|®)=|0). B|Y)=-|¥).B,|)=|+), B,|-)=-]-)

Prove this using that | X|0)=|1),X|)=|0),Z|0)=|0},Z|1)=-|1}
Bell states can befdehated a, , )= b, |6, ,

T~—"

Oy, = 4(1®1+b X®X-bbY®Y+bZQZ)

Reduced state: Complete ignorance

TrA(pb1b2)=%IA




Notice that Bell states are such that

,Oble=%(1@I+b2X®X—b1b2Y®Y+bZZ®Z)



EVOLUTION OF A SUB SYSTEM

From Schroedinger to Kraus

I / \ |

0.5(0) Uy P

N\ / |

P g (1) = UABIUAB (O)UZB
UZB UAB = UZB UAB =1

SCHROEDINGER

Pa=1r(p4p)

pu(T) =Y A, p,(0) A;

b
YAA, =1
b

KRAUS




Kraus representation: Proof

SCHROEDINGER

TRACE B

Pas (T) = UABIOAB (O)U,ZB
Pa (T') = TrB (UABIOAB (O)U,ZB)

PA(T) = Y (9, |U 150,50 9,)

SIMPLEST
INITIAL

CONDITION | 0 (T') = ¥ (), U 150, (0) ®| W, )W

Pa (T') = 2<¢b )l]ABpA (0)® Pp (O)U:‘:B

b,)

\
UZB ¢b /

DEFINE KRAUS
OPERATORS

A, = <¢b ‘UAB ‘lIJ(),B> = ZA;Ab =1
b

P4 (1) = EAb P4 (0) A;



More general initial conditions?
wxenstate | 0,(0)= Y g, | W, 5 (W, 4]
™

p(T)= EZ% <¢b ‘UABIOA 0)&® ‘qu',3><qu',3

A,y = <¢b ‘UAB ‘qu‘,B> g EA;,bAb,b' =1
b.b'

Usis

b,)

P, (T)=A(p,(0)=Y A,, p,0)A;,

KRAUS FORM: 1) NOT UNIQUE, 2) CAN ALWAYS BE REDUCEDON IN
NUMBER (Exercises 1,2)

K
AP)=D A, pA =DA = Yu,A, 2)K=Dj
b=1

b




EVEN MORE GENERAL INITIAL STATES?

KRAUS FORM: NO INITIAL CORRELATIONS BETWEEN SYSTEM AND
ENVIRONMENT

Pas (0)= P 0)® P (0)

KRAUS FORM: NO INITIAL CORRELATIONS BETWEEN SYSTEM AND
ENVIRONMENT

0.5(0) = 0,(0)® p,(0)+ P (0)

NO LINEAR MAP EXISTS : CORRELATIONS MATTER

0,(1)= Y (,[U.5(04(0)® 05 (0)+ 04 (0)) Uy )

b




Properties of Kraus Representation
KRAUSS FORM OF IO‘=EA19 IOAZ:A(IO)

THE EVOLUTION b
+
b

D Aep+e0)=cA(p)+eA(p,)
LINEARMAPWITH | 9) ) — ,0+ = A(p) =A" (,0),

IMPORTANT
PROPERTIES

3 Tr(p)=Tr(A(p))
4) sz=>A(p)zO

1) Linear, 2) Hermitian, 3) Trace preserving,
4) Positive



Examples: Non Unitary Evolution
p'=A(p)=) aU.pU;, D a,=1 A(l)=1

NOISY EVOLUTION (UNITAL)

p'=A(p)=(1-q)p+9ZpZ. Z=Gz=(1 X )

QUBIT: DEPHASING CHANNEL 0 -1

A, =10%0]++/1-¢* 1)1
p'=A(p)=ApAT+ApAs, | N1l

AMPLITUDE DAMPING CHANNEL A2 = q ‘ O> <1 ‘

Study the effect of dephasing and amplitude
damping for a qubit



THIS WAS THE END OF FIRST
LECTUREN



