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⑨ Simplestgraphs Hausman Integrals

① Gaussian Integration on (Feynman)graphs

③ G raps and maps → topology

④ Matrix models and ZD quantumgravity

References %

SEE LAST PAGE
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LE Outline
=

[
e.g some membrane OR 3D quantum gravity

a

92sating
theory worksheet

! see computergames

Policy on alienation

^

9¥⇐¥÷÷÷
grtap.int,

. . .¥!!!
"

matrix models
g.



Graphs & Gaussian Integrals

.

t Example of a graph

¥4 with valency z -

-

o and

E
edge one vertex and four edges

vertex

@ op
graph with 2 vertices and

4 edges
[ each of valency 4

1) Exercise : A graph
has he vertices

,
each of

Valency Z
.

How
many edges does it have?7

" If n - a options n - 3 options next
. . .

# Ways = ( n - a) C n - 3) .
. .  

is
.

a = C n - I ) ! !



jfk 8 - 7 ! !
 =

7.5.3=405

f- of 2 vertices : G G

3 x 3 = g

Symbolic representation ,

n

! (A ← B)2x I )×(A ⇒ A ) XB⇒ B ) 12×2 = 443×2×4123×2421
a Xxxx

/ M = 72
who tod#site:Iata VU

x 2 for I vs

between vertices
4×3×2 = 24

wtekegg.at#whenzgoatoi
. . .

9 t 72+24 = 205

obvious : we could decide 4 of 8 vertices
are " special

" and separate * into t t



In distinguish  idle " particles
"

factors :

I
edge =

"

particles holding hands "

Automorphism factor  or symmetry factor :

=
Y105/8 !

= ¥
.

= 48,6×4×2=4%24 rf* )

f
representative -

C all look same ! ) automorphism
¥3,

→ C 937643 8) ( 67 ) of the graph
-

4 ! from re - ordering pairs @%
2 for each

pair  = 24

%:*
.

=if .

=  

,

r§8=4 x
\ indistinguishable

'

f = 'S
vertices2444.22

!
= %,

=

"

plantations of liner
2 !

 and vertices I

gas
[

Yr implicit

If = I -

= a +8 tag ( 88+0

a
r (G) +8 )

/ graphs of +  
. . .

valency 4 TL free
partition and n  ratios - E energy
function I e



Claim - IF  
= [ I

= r (G)Connected

graphs

- E

Lets check to 0cg
' ) : e =A)tf#It . . .

= same  ask

wgithgat

t I ,

8¥
.

-
Ft :-D

2)Exercise : check up to O Cgs ) look like
a macro  canonical

3) Exercise : prove general statement

f
ensemble

I is a statistical mech sum of

configurations
,

graphs .
These graphs are called Feynman graphs .

Consider now another partition function
Where we consider a single degree of freedom
with

pH C x ) =
'Iz -

g
' %

.



- PH be ) PH
+ is -

I = SEE .

e- ¥

taxi
'

c ,

-

b ? ormahzation we

will understand soon

Here we have a single dof in an anbar monic

potential .

CLAIM TE=Zf .

2- Ig
= ,

"

?2 is a first obvious check I

intend(Zf . . ) ! ÷ fexf.ge
- ¥5

= ÷ §do !eds e

- %
= I •

Item I ? = o - C- e) = ta



0

4 ] Exercise : show that fdx e

-

d×¥fE=q
x

- o

Jd x a

K
e

- 9×52
= {

O K odd

C-z }¥§Ia
,

K -2 n even

K -

- 2 : C - 2) I af a

- ¥
= EF a

- k

K = 4 I C - a ) % Ff a

- %
= I 3 a

- %

K = 6 : C - 2) Jj I -  '

- %= TF 5.3
.

2 a

- Keta

( x
"

> = Jd ,c a

K
e

- "

×%/fd× e

- a

= ( 2n - a ) ! ! a

- n

-
-

familiar .

P
dim  analysis

←
splits 4h vertex into  n vertices of

valency 4 as we saw

a. E. '÷
.

"

*
ii.in

. . .



** - ttttxii
-

% ! Hi 44! 4 ! Y
number of

4h valency ( IT t÷ ,
hence vertices - y

with h=4 in in this case

thisexample

gn
]7

grig
,

So indeed Z  
= @ - t E

graphs of
NG )

graphs
with

valency 4
a single

and n vertex of
vertices valency 4h

5) Exercise : what is the
graph expansion of

fi÷e
- ⇒

six :

this
exercise is

where 12=3,4 ,
5

,
.  - - - IMPORTANT



6) Exercises what integral

gym
puts the

red expression
.

. I
8

gram .

Tcg
?

this exercise with
is a curiosity ,

a single
NOT important vertex of

valency 4h

Sources and a re derivation
A

⇐e

- a # t joc
= zg .]

FE
- A

note that we normalized a that 8 [ o ] =L

n

Fj 2471 = 's xn >

j -

- o

So I Cj ] is a generate function , very useful ?



His e

- EG . ish E
.

- -

I

2. Cj ] = eJ% < ×
" "

> = o

.
2h

and Lx
"

> =

"

I;ot÷,

/ j=o

also dear too fewj
too mangy

-

combinatorial
directly ← all =  even  xodd

^ - n Gn ) !
order

= & - Dalla

1%1
r

coff:* in ! ← eveniii. is -

III. GET I - a ) ! ! a- odd



68870888
Multidimensional Integrals

Z [ j) = fd.ca
. . . d.gr e

- ifKi Air 's kTE # ik

= false e

-

¥
of.  sis Its;( matrix ( symmetric D

(Previous example 8 N -

- I
, Am = x )

is again an important partition function since

Hia . .  - xin ?. ÷
,

. .  - ÷
.

? /
j -

- o

at : 2 Co ] =
27

.

Z Cj's . zag .

too:b!.beastana .

I start
there .



- sci Aickxkk t xkjk ( Sum over repeated
indices here )

It

- ( Kit Bi ) Air ( Kk tB* ) 12 t Bi AIKBK

if Bk = - A- Ie je or just B = - A
' '

.j

.

indeed
,

use A  = AT
- C x

- A-
'

j I . A
.

( x - A
-

'

j ) 12
f

= - act. A

.sc/ztktoAoAoj/Z7gxtojorI.JtjIfA'YoAooc/z-jtCA-

 ' To Ao A-
'

oj 12

=A

z.gs#E...:i::i::.a=z.fisini



( Previous example : J = j e R
,

A-
'

=

'

I )
Conclusion :

< xi
.

. .
. xi

. .
> = ÷

,

. .  . ÷
,

e

II. A :D

°

c K Theorem
:

first note that f
¥"Fa! s :*

inverse ?

L Xi Xj > = (A
- th ) = propagator

" I ij of x

<; ;
7 =•;-•j .I

cartoon
]only ,

use

them if
you

likeonly ,
not mandatory

of course Do



Exercise 8

Explain Why L Xi
,

- .  - - Xiang ) = O
~

in more

than one way

( Xi
,

.
.  . Xian > = ÷

,

.iq?nftjootsewtgoodtjtEg)j--o

where

good = ÷
.

jkajk ;
 - - -

jka.CA/k.kdAYgki-cLXk,Xkz)LXk,XkyS

. . .

Example :

If or• •M•

( Xi
,

- Xian) = I Xia Xiz Xi
, Xiy - - -Xian. ,XianWick

contractions

- the example =

[ L Xi
,

Xiu
,

> Lxizxi
,

>
.  -

. txin.fi
n pairings



( Xin - - - Xian ) = fair
,

It
a

< Xia Xka )
a

Iia- - .
i% ( ja Ki ) C ja Kz )

.
.  .

Cjuku )

¢as ja , ,

and jacka to avoid over counting )
.

 in
> = L Xi

, Xiz > L X is Xie
,

> t

•M•  off tqlg7.to#qI 2  3  4

for N =L trivial case

L x x
. . -

x > = * = Can- is ! !

I 2 - .  - 2h -

number of Wick
So all previous co .

t
- Ai ons

graph statements
are now trivial on .  on .  No  A t

- - - -

as we construct

graphs by adding
edges = Wick contraction



Z Co ]=fd± e

- E A -

E

)
si =

.gg

= fdg'

e

- kg ?(
9

.

.

.

,

an
) g

,

diagonalizes A

= II.FIT -

-
art '#a

* A c- action
-

* del- A ← zero
just Normalization

source for most of these lectures
partition fn

* Ath a- propagator and correlates

( in previous example det A = Ai
,

= a)



Lemay
fda e

- ¥ t %8K¥ ,

= E II. Cga )
"

" I

graphs G r ( G )
with the
vertices

of valency A

M
+= at g ,

+ sit?→y
+ 000

8 ] Exercises Is there a term proportional to

gag ,

? what about gag ; ?

Describe generically which terms show up



k
I k

A = 2x with red

I I affable
I where
A blue connects

to red only
and all
vertices

HI an cubic

2h

[ ¥ y
= It  ⑦ t . . .

#  red vertices
' I ( O . - D forbidden. o )

# Hye
,

vertices

Tgif! )
- '

(f)
1730

Ki '=r× f
I

Z = fdscfdy e

- KY t g + gy÷



(
connects to blue or yellow only

estsntgmdo.

✓
connects to blue

or ed only

ALL VERTICES QUARTIC
.

AS IN THE FIG

9) Exercises Write down integral for this Fx

NOTICE

byJoinI
man

,

Ffg:*4¥ Pi:::* . .

IF THE GRAPH HAD To BE DRAWN ON

A SURFACE THEN it WOULD BE BETTER ?



'÷÷÷÷. .

complicated

c-TINIER
graph

Looks Like a Discretization of a

Random Surface → 2Dquantuatg

Plane = sphere Cjust add pt @ a )
Planar

g raps = sphere graphs
A n

ca
! be drawn oh

(
"

in . sphene . . .

"

plane without lifting pen

( For mathematitians graphs * maps )



Next
Gtryaphs

*

andtop.gg#rmaps3

§ × gone
index

,
vector

W Fatgraps . - . becomes

:= :

④ { [ two indices
,

matrix

⑤ B
z -

- Sort :
on ,

b
8
8

Hokuto
compote these

T
Y
B

Soke
recent appications in

CE high -

energy physics
22
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as genus g
= O

⑦ g
-

- a
,

has
g =3 etc

Deformation preserves genes tip ology



-

riot:¥¥
map = graph drawn on a surface with

all fades Idies



not a map since ¥ disc

genus 's map÷i÷÷*÷'

are genus
I

- F -

- 2
,

E  =3

Maps



Consider a genus g map

and consider

X =

-

V t F- E

* it is a topological invariant Do

Eg :
split a face

& e

:&.

#

a .

Is't:S
via: n SFo
face U .

"

a . .

-

O



more precisely

aol.eagfifuf.nl?::gttEesilh.:.hgent::spke::s.X=Vt

F - E -

- 2 - 2g
F connected

genus g map

suffices to check on few examples and

use topological invariance of previous page

to prove more generally by induction

Gluing also powerful :

% HEH ,

&
=

genus gig ,

qace
'

Igf Xz = 2 - 282
gshuaeedfaces

X =3 - 2g
,

m

" Xghud = XqtXz - in -

Itn
-

-

= 2 - 2g ,
t 2 - 2g ,-2=2 - ( g , tgzl shared shared

vertices edges



So checking g = o and
g =L is enough

So
, Some examples

III:
.

.

:÷÷÷÷÷÷÷÷÷
.

21
X = O = 2-2×2

r

⇐¥⇐ I before 8+8+0.0
= 3--3 ! ! but nowqpe.no?genuse/
I = 2 t 9



Will not

Application

have time

soccer ball with P

petitagthi.is

LI
and H hexagonsHEE=P t H

5 Pt 6hZE
= P t GH } Vt F - E  =

3-
t pta - 5Ptz

37=5Pt GH
-

=P
( 55+1 - 5g ) = I

see figure a

-

6

( 4 too  much
,

2 too few ) µ 10+6-152

[ works for
H drops  out B

6

fullerenes also
,

= 2 ⇒D=⇒
not just soccer balls ]

40 ] Exercise %

Can We use just pentagons 2%



no

. time

Can 3 utilities be connected to 3 homes

planonly If No :

✓ -

f.gas e.internet D.water

" "

÷÷÷÷÷÷s
.

faces are squares or higher ⇒ F  ⇒  ⇒ go edges at leastI
for g = I → F  =3 → 12squares, 2 decagon → 9×29

'99] Exercise : Draw torus config and identify
the squares and decagon

Hint  
oo use % for torus

,
not



Electricproof
no

¥. e. non map

time

Voltagedrop @ each face = o

I meat automatic

F - I eqs

Current conserved at each rate

V - I eqs

It automatic

E currents to find = V - l tf - L

= V tf - 2 Da

t

¥E÷:
.

etc B



So
, if we want to keep

track of genus we need only

keep track of F since E andV

are trivial to follow B

Idea

& → sum over ↳
p , , ,

NEH
.

⑦ -

on

. ;cdbossy
thanx ? Hae

i

. -

;
- I : = Sis. Sre

with ink ,
l = 42 ,

ooo
,

.N



888800.88

Z=fqm

ftrrih-igtr.MY/f.ihermitianNxNfnatricertMijMjkMke

Mei

- symmetric
Mke

Mj}=Maj =

rift
Kj

Mei
Mj .

Mjk = Rkj
-

itkj
tr M! Mijtljk Mij

=

' EiIii
.at?E.Hitti.i) -

good 'T

KI

( (R
ij titty . )( Rise IFIke ) ) = o for ka

-
(

K > e

Mij gig
-

- ICEt
'E) x

Mke Sil Sjk
( M Mke ) TI:& good'T otherwise

= die Sjk I as wanted to



in formulas

( tr M
" ) = ( M Mj . Mke Mai )

= MMMMMM t MMFM t
MAMMY

= ( Sik Sjj ) ( Sk . See) t  ooo t (Sie Sjk ) ( Sj ;
Ske )

I

'

J
= NZ

Snii
t N

'

t

Sn
= 2N

3

t N
g

our much wanted 3 ! ! = 2+2 to

in pictures

C dit> = + Got -⑤
-

2N
' -

N
- -

genus
0

genus
I



F

Z =
 ooo  t g-

✓
N #  t  ooo

bust V tf - E = Vt F - HI = z - 2g
⇒ F = 2 -2Gt

-

V

⇒
- W

Z =
 ooo t N

Z - 28 ( GN ) too .

-

/ '

7 Hoof coupling
'

79

graph of genus g
and V vertices

log of =

q.NZ-2gqjvgenusg-o.si/g:qtseq=FAJgenusg

and TV

vertices

= N
'

+ no + n' i .

.

Sum surfaces like a storing theory



V = 2
, g = O

,

✓
who this  one

+  €
connects to

←
!

t 4 = 36 → 98

4.
x 4 x 2g of¢o. I! from

first clockwise to pair in each  wife
exponent

12 ] Exercise : Are there
g

-

- z graphs with V - -2 ?

13 I Exercise : How
many g =L are

there ?

I Hint so . See lecture 2 B

( the # is a # people often celebrate for birthday

Very seriously )

Amazingly one can often compute Eg B



A 22
,

In 212
,

COKE

④ ¥ , 1$
,

6413
,

-
used,&¥%

→⇒

-

- t.cz , =fu-;!, .

logs
2

where u =

I -

¥z'
-

241
= I +921 t 28822t

.  - -

F f previous page

If
see above !

- fo (1) = 21 t 2812 t 288 X
's

t  ooo

=[ I 9TCzv
V ! ( Vt 2) !

F. =

log
-

ok
# graphs with
V vertices B

etc



How are such beautiful results derived 2%

9) S
'

[ M ] =
5 CAMA ' ] ( kind ofgauge sym )

I
S

'

EM ] = g [ zj
eigenvalues of m

] = IE Zf - In E Zj
"

2) DM = it d Mii It
d Re Mij Ig.

d Im Mig
I

CNZ) variables

= ( Jacobian ) FI
,

DIIOks von To

-

= D
'

Cz ) =

Ig.

C Zi - Zj5
[

Vandam on d Determinant

3 ] Action is huge ⇒ extremism dominates

z n e

- S'd where



See = - E zig t E In zit
t.fg.bg lzi -

zj
I

Where 2- i obey extremism condition 2¥
.

=

oof
Izzi - 2 I z ? = EL 77k¥:Yam ,

2-
i

- Zj ← repulsion
I externalforce

4) replace Zi  → f Cz ) since N is huge

.

Previous eg → eat

-  are are effort with solution

Plz ) = 4- oxy-4,51M¥
I

defined above

ST plug this density into See to get

Sae = - N
'

EH ) with Fo as

given
above I



This
is it about I MM ( Matrix Model )

We can get more interesting decorated

g raps with 2M
,

inn
,

ooo
like in

lectures hand 2 with the colours
.

If = JDMDNe - transf
"

"
% HI ) t remarks

still solvable ( Kazakov e. g) B

harder Since tr ( MN ) t ffzicwj )

but still doable IT

Heine=fDnpn
.

. . .anne
- S

'

I = tr ( M
, My ttrcnzn.lt . .

.

ttr ( Mm , Mn )

+ EV ( Mj ) solvable B

Firing
r CMM ) notyet Do ?



String Theory

o.O ⇐D
Dual graph

triangulation

at " untie .

÷:triangle on hexagon

coupling .

F few such couplings IT Kring

exactly the ( still ) unsolved
one

.

Then is work to do I ÷•v



.

= .fdgrap

original graph

943 Exercise : what is the dual of a died graph ?

953 Exercise : what is the relation between

( YEE , g ) and CJ
, FIE

, g) of
the dual graph ?

96 ) Exercise : what matrix model describes

(the dual of ) quadrangularti ons ?

Tt ) Exercise ;
We saw vectors sci and matrices Mig .

what could tensors Tijk etc begood for Do



3 good references ( plus review on the website ) :


